Quantization on Generalized Heisenberg-Virasoro Algebra! 
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Abstract: In a recent paper by the authors. Lie bialgebra structures on generalized Heisenberg- 
- - Virasoro algebra £ are considered. In this paper, the explicit formula of the quantization on 
■ generalized Heisenberg-Virasoro algebra is presented. 
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o^; 1 Introduction 

In Hopf algebras or quantum groups theory, there are two standard methods to yield new bialgebras 
from old ones, one is twisting the product by a 2-cocycle but keeping the coproduct unchanged, 
another is twisting the coproduct by a Drinfel'd twist element but keeping the product unchanged. 
Constructing quantization of Lie bialgebras is an important method to produce new quantum 
groups (cf. [5] , [6] , [11] , etc). Drinfel'd in [?] formulated a number of problems in quantum group 
theory, including the existence of a quantization for Lie bialgebras. In the paper [9] Etingof and 
Kazhdan gave a positive answer to some of Drinfel'd questions. In particular, they showed the 
existence of quantizations for Lie bialgebras, namely, any classical Yang-Baxter algebra can be 
quantized. Since then the interests in quantizations of Lie bialgebras have been growing in the 
mathematical literatures (e.g..[8t [TOl [T3 t [T5]). 

This Lie algebra is the universal central extension of the Lie algebra of differential operators 
on a circle of order at most one, which contains an infinite-dimensional Heisenberg subalgebra 
and the Virasoro subalgebra. The natural action of the Virasoro subalgebra on the Heisenberg 
subalgebra is twisted with a 2-cocycle. The structure and representation theory for the generalized 
Heisenberg-Virasoro algebra has been well developed (e.g., [U [21 [T21 (TUl [20] ) . The structure of the 
irreducible highest weight modules and verma modules for the twisted Heisenberg-Virasoro algebra 
are determined in [H [2] . 

Recently, the Lie bialgebra structures on generalized Heisenberg-Virasoro algebra £ was dis- 
cussed in [3], which turned out the centerless generalized Heisenberg-Virasoro algebra £ is tri- 
angular coboundary. We note that generalized Heisenberg-Virasoro algebra is T graded, where 
r is an abelian group over a field F of characteristic zero. For F and T is a vector space over 
field F, the generalized Heisenberg-Virasoro algebra £ := £(F)([T7]) is a Lie algebra generated by 
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{Lx = t^d, Ix = 1 Cl, Cj, Cli, X G r}, subject to the following relations: 

[Lx,Ly\ = {y - x)Lx+y + 6x+yfij^(^^ ~ 

[Lx, ly] = ylx+y + Sx+yfiix"^ - x)Cl, 

[£,Cl] = [Z,Ci] = [£,Cli]=0. 

The Lie algebra £ has a generalized Heisenberg subalgebra and a generalized Virasoro subalgebra in- 
terwined with a 2-cocycle. Set Qx = SpanpjLa;, Ix} for x £ r\{0}, £o = Spanp{Lo, Iq, Cl, Ci, Cli}- 
Then £ = © is a graded Lie algebra. Denote C the center of £, then C = Spanp{/o, Cl, Cj, Cli}- 

Denote £ = £/C, then £ is the centerless generalized Heisenberg- Virasoro algebra. 
The main result of this paper is the following theorem: 

Theorem 1.1. We choose two distinguished elements h = a~^LQ and e = la with a G L \ {0}, 
such that [h, e] = e in £, there exists a structure of noncommutative and noncocommutative Hopf 
algebra {U(£)[[t]],m, t. A, S,e) on U(^)[[t]] with U(^)[[t]]/tU(^)[[t]] ^ [/(£), which preserves the 
product and counit o/C/(£)[[t]] but with a comultiplication and antipode defined by: 

A{Lp) = 1(g) 1/3 + 1/3 (g){l- et)"^^'^ + ah^^'^ (g) (1 - ety^I^+pt, 

A{Ia) = 1 ® /a + /a «) (1 - et), 

S{Lp) = -(1 - et)-""^L^ + (1 - et)-"''^/iW 
S{Ia) = -(l-et)-i/„. 



2 Preliminaries 

In this section, we summarize some basic definitions and results concerning Lie bialgebra structures 
which will be used in the following discussions. For a detailed discussion of this subject we refer 
the reader to the literatures (see [3] and references therein). 

Let £ be the centerless generalized Heisenberg- Virasoro algebra and U{£) the universal envelop- 
ing algebra of £. Then U (£) is equiped with a natural Hopf algebraic structure {U (£), m, l, Aq, Sq, e), 
i.e., 

Ao(X) = X0l + l(g)X, So{X) = -X, e{X)=0, (2.1) 
where Aq is a comultiplication, e is a counit and 5*0 is an antipode. In particular, 

Ao(l) = l®l and e(l) = S'o(l) = 1. (2.2) 
The following result is due to W. Michaehs(see [18]). 
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Theorem 2.1. Let L be a Lie algebra containing two linear independent elements a and b satisfying 
[a, b] = kb with O^keF. Set 

r = a®b — b® a 

and define a linear map 

Ar : L L0 L 

by setting 

Ar(x) = X • r = [x, a] (8) 6 — 6 (8) [x, a] + a (X) [x, b] — [x,b] (gi a, V x G L. 
Then equips L with structure of a triangular coboundary Lie bialgebra. 

An algebra L equipped with a classical Yang-Baxter r-matrix r is called a classical Yang-Baxter 
algebra. It was shown in [9] that any classical Yang-Baxter algebra can be quantized. 

Definition 2.2. Let (i^, m, t, Aq, 5*0, e) be a Hopf algebra over a commutative ring R. A Drinfel'd 
twist J-" on is an invertible element of H ® H such that 

l)(Ao0ld)(7-) = (l(g)7-)(Id® Ao)(-F), 
(e o Id)(7-) = 1 ® 1 = (Id ® e){T). 

The following result is well known (see e.g., [Dl], [ES]). 

Lemma 2.3. Let {H,m, l, Aq, Sq, e) be a Hopf algebra over a commutative ring and J- be a Drin- 
fel'd twist on H, then w = m(Id(8>S'o)(J^) is invertible in H with = m{So(>^ld){T^^) . Moreover, 
define A :H ^ H (g) H and S :H ^ H by 

A{x) = TAo{x)T-\ S = wSo{x)w-\ y x £ H. 

Then {H,m, l, A, S, e) is a new Hopf algebra, which is said to be the twisting of H by the Drinfel'd 
twist T . 

Let F[[t]] be a ring of formal power series. Assume that L is a triangular Lie bialgebra with a classical 
Yang-Baxter r-matrix r. Denote by U(V) the universal enveloping algebra of L, with the standard 
Hopf algebra structure (C/(L), m, i, Aq, ^o, e). Now consider the topologically free F[[t]]-algebra 
C/(L)[[t]] (see [p. 4] [llj ), which can be viewed as an associative F-algebra of formal power series 
with coefficients in U{L). Naturally, C/(-Z^)[[t]] is equiped with an induced Hopf algebra structure 
arising from that on U{L). By abuse of notation, we denote it by {U (L)[[t]], m, t, Aq, So, e). 

An algebra A equipped with a classical Yang-Baxter r-matrix r is called a classical Yang-Baxter 
algebra. It is showed in ^ that any classical Yang- Baxter algebra can be quantized. 
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For any element x of a unital i?-algebra {R is a ring) and a € R, we set (see, e.g., 

x^j") := {x + a){x + a + 1) • • • (x + o + n - 1), 
:= (x + a)(x + a - 1) • • • (x + o - n + 1), 

and x(") := Xq"'^ xt*^' := Xq*^'. 

Lemma 2.4. (see [131 114j) For any element x of a unital ¥-algebra, a, 6 G F, and r,s,t € Z, one 
has 



„(s+t) _ ^{s) (t) [s+t] _ Js] [t] [s] _ (s) 

_ (a-V\ _(a-h)---{a-b-r+l) 



(2.3) 

The following popular result will be frequently used in the third part of this paper. 

Lemma 2.5. (see e.g., [Proposition 1.3(4)] [19]) For any elements x,y of an associative algebra A, 
and m G one has 

3 Proof of main results 

In this section, assume that £ is the generalized Heisenberg-Virasoro algebra defined in (jl.ip . 
We have obtained that the Lie bialgebra structures on centerless generalized Heisenberg-Virasoro 
algebra £ are triangular coboundary, namely, there always exist solutions of CYBE in £ £. 
Therefore, £ can be quantized by the above arguments. In what follows we will use a Drinfel'd 
twist (see Definition 12. 2p to proceed the quantization on centerless generalized Heisenberg-Virasoro 
algebra £. 

To describe quantizations of t/(£), we need to construct explicitly Drinfeld twists according to 
Lemma 12.31 Set 

h := o'^^Lq, e := la 

for a fixed a G r\{0}. It is easily to see [/i,e] = e by (jl.l|) . Then it follows from Theorem 12.11 
that r = h®e — e^hissu solution of CYBE, namely, r is a classical r-matrix. Now we can use 
this r-matrix determined by e and h to construct a Drinfel'd twist. This will be done by several 
lemmas. 



4 



Lemma 3.1. For a G F, i G Z4., n G Z, /3 G F and a G r\{0}, one has 

T _ /,W T T M _ M J 

Proof. We only prove the first equation (the others can be obtained similarly). Since L^/i — hLjs = 
—a~^PLi3, there is nothing to prove for i = 1. For the induction step, suppose that it holds for i, 
then one has 

L^h<;i+'^ = Lph^^{h + a + i) 

= hf_^-^pLp{h + a + i) 

= hf_^-ipih-p + a + i)Lp 

a— a p h> 

Now for a G F, set 

-^a = E e-f, Fa=E -M:^ ® e'f, (3.1) 

tia = m • (^o Id)(Fa), = m • (Id (g) So){Ta)- 

Write T = To, F = Fq, u = uq, v = vq. Since So{h^a^) = {—lyh^^^ and 5*0(6^) = {—lYe"^, we have 

Ua=E ^-^h^le^f, Va=E -MM\ (3.2) 

Lemma 3.2. For a, 6 G F, one has 

TaFh = 1 (1 - e^)'^-^ VaUb = (1 - et)-('^+*). 
Proof. Using the equations (12. 4p and (13. ip . we have 

r,s=o rlsl 

= E(-ir( E ^-^ht^hl:^)(^e^t^ 

m=0 r+s=m r.S. 

00 / r, — h\ 

= E (-ir (8)e"^r 
m=o \ m J 
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From ()2.5p . (j3.2p and Lemma |3. 11 we obtain that 

m=0 r+s=m ' 

^ g /a + 6 + m-lA 

m=0 V "T- y 

= (1 -et)-("+*). 

Corollary 3.3. For any a € F, i/ie elements Fa and Ua are invertible with F^^ = Ta, = V- 
In particular, F^^ = T, u^^ = v. 



Lemma 3.4. For any a € F and r G Z+, one has Ao(/i''"l) = (^O^-a ® • -^'^ particular, one 

Proof. Since Ao(/i.) = 1 (8) /i + /i (8) 1, it is easy to see that the result is true for r = 1. Suppose it is 
true for r, then for r + 1, we have 



r+l 



Ao(/iM(/i-r)) 
Ao(/iM)(Ao(/i)-Ao(r)) 

rfr 



E j ^-a ® "'0 {{h-r)(g)l + l(^{h-r)+r{l(^ 1)) 

( E (') /i'^l ^ /^L^'^^^) ((/i - r) 1 + 1 - r)) + r E (') /i'^l ® /^r^^ 

® 1 + ® a + /if:!, (^{h-r) + {h-r)® /i^ + 1 ® h^^^^ - a /i^ 



1 ® ht+'^ + h^:t'^ 1 + rZ Q ® h^r'^ + h^-a ®{h + a) 



i=l 



Hence, the formula holds by induction. 

Lemma 3.5. The element J' = Yl ^— ® G.'^t^ is a Drinfeld twist on U{£,)[[t]] . 

Proof. It can be proved directly by the similar methods as those presented in the proof of [Propo- 
sition 2.5] [E]. 

Now we can now perform the process of twisting the standard Hopf structure m, l, Aq, 5*0, e) 

defined in (12. ip by the Drinfel'd twist J- constructed above. The following lemmas are very useful 
to our main results. 

Lemma 3.6. For a G F, /3 € T, a G r\{0}, one has 

{1/3 ® l)Fa = Fa-a-^fs{L(S ® 1), 
{Io,0l)Fa = Fa-liIa®l). 

Proof. It follows directly from equation (j3.ip and Lemma |3. 11 
Lemma 3.7. For a € F, /3 G F, a G r\{0} and r G Z+, one has 

Lpe^ = e^Lp + are^'^Ia+p, (3.3) 
lae' = e'la. (3.4) 
Proof. By Lemma 12.51 and equation (jl.ip , we have 



i=0 W 



Similarly, one can get (j3.4p . 

Lemma 3.8. For a G F, /3 G r,a G r\{0}, we have 



[l®Lp)Fa = Fa{l0Lp)+aFa+i{hl^^ ^la+^t), (3.5) 
ilCS)Ia)Fa = Fail la). (3.6) 



Proof. By equations (|2.3p . (j3.ip and (|3.3p . one has 



r=0 



E fr/ir ^ (e-^iv/j + are'-i/„+^)t'" 

r=0 
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oo I , 

r=l 

oo , > 

= Fail ®L^)+E T^hr^^ e'Ia+^t-+^ 

r=0 

= Fail ®Ln)+f: ® e'Ia+pt^+^ 

r=0 

= Fail®Ln)+ aFa+1 (/li^^ la+pt)- 

This proves equation p.Sh . Similarly, p.6p follow from (j3.4 



Lemma 3.9. For a G F, /3 € r,a G r\{0}, one has 

LpUa = Ua+cx-'^pLp — Ua+a~^ ph^]}^_^_i ^I^+pt , (3.7) 
laUa = Ua+lla- (3.8) 

Proof. From equations (j2.3p . (|3.2p . (|3.3p and Lemma [3?T1 one has 

r=0 
r=0 
r=0 



oo 



r=l ^ ' 



OO , -\\v \ I 1 1 



r=0 



r=0 



r=0 ^ 



Hence, (j3.7p holds. Similarly, one can get (|3.8p by Lemma [STT] and Lemma [321 
Now we have enough in hand to prove our main theorem in this paper. 

Proof of Theorem \l.l\ By Lemma [2. 31 Lemm d3?2l Corollarv 13.31 Lemms [3T6] and Lemma [3T8l we 

have 

^iLp) = TAoiLn)^-^ 

= TiLp®l)F + Til ®Lp)F 
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= FF_^~ip{Lp 1) + F{F{1 ® Lp) + aFi(/i(i) ® Ia+p)t) 
= (1 - et)""'/^ + 1^1(3 + ahW (g, (l _ et)-^Io,+pt 
= 1 (g) + ® (1 - et)""''' + a/i(^) (g) (1 - et)-^Ia+pt. 
A(/,) = 7-Ao(/a)J-i 

= FF_i{I^ 1) + ^F(l /„) 
= 1 ® + /„ (1 - et). 

Again by Lemma 12.31 Lemm8[321 Corollary 13.31 and Lemma 13. 9^ we have 

5(L^) = u~'^So{Lis)u 
= —vLj^u 

= _(i _ ei)-^''^Lp + (1 - et)-^''^h^'^^_,^I^+pt. 

S{Ia) = U~^So{Ia)u 
= —vlaU 
= —VUiIa 

= -{l-et)-^Ia. 

So the proof is complete! 

n 
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